We exploit analytic properties of the optical potential for elastic scattering of ␣ particles on nuclei to extract information on the effective interaction that should be used to describe the motion of a cluster of two neutrons and two protons bound to a nuclear system. This prescription solves long-standing ambiguities in the formalisms used for the study of ␣ decay. ͓S0556-2813͑96͒01308-8͔
Alpha decay was one of the first nuclear phenomena observed in nature. Not surprisingly, attempts to describe this process go back to the earliest days of quantum mechanics. Perhaps the most transparent formulation was that of Gamow ͓1͔, who recognized the possibilities of quantal tunneling to explain the many orders of magnitude spanned by the experimentally measured lifetimes. As the general knowledge of nuclear structure improved, however, this simple picture ran into troubles. These primarily had to do with the need to understand microscopically the formation inside of the mother nucleus of an alpha particle as a cluster of two protons and two neutrons. This goal introduced all kinds of difficulties in the problem, ranging from complex coupling schemes down to the treatment of the continuum required to satisfy the appropriate boundary conditions. Especially noteworthy are questions raised about the viability of a scheme that requires the wave function of the alpha particle not only at the nuclear surface, but in the interior as well ͓2͔. The reservations center here mostly on the inhibiting role of the Pauli principle, which, inevitably, entered into the picture as soon as the alpha particle was thought of in terms of its constituent nucleons.
In this paper we return to this question following a path that aims to bypass these difficulties. To this end we rely on the work by Bell and Squires ͓3͔ ͑cf. also Ref. ͓4͔͒ who investigated the analytic properties of the complex nucleonnucleus interactions. In their contribution they clarified the intimate connection between the optical potential for scattering states and the effective interaction that binds the nucleons to the core. In fact, they established the conceptual identity of these quantities, to the extent that the latter is none other than the analytic continuation of the former into the negative ͑or, more precisely, bound-state͒ energy domain.
When Bell and Squires presented their results, much was already known about the binding potential for single nucleons. This information had been mainly extracted from the analysis of nuclear systems either directly available in nature or artificially produced. Thus it could be argued that their work was mostly of academic interest. Their conclusions are, however, potentially much more relevant in the case of alpha particles. Michel et al. ͓5͔ and Delbar et al. ͓6͔ made significant steps in the understanding of the optical potential for the scattering of alpha particles by lighter systems, such as oxygen and calcium. Microscopic estimation of the static potential between an ␣ particle and a nuclear core can also be contemplated by folding procedures; see, for instance, Refs. ͓7, 8͔. Uncertainties remain, however, about the couplings that should be used to account for the motion of the fournucleon cluster in a quasibound state of a heavier nucleus that eventually ␣ decays. In fact, to calculate microscopically the renormalization of the bare interaction that gives rise to the actual energy dependence of the ␣-nucleus potential under these circumstances is a rather formidable task. One can inspect, for instance, in Ref. ͓9͔, the numerous diagrams that have to be taken into account to construct in a perturbative approach the correlation and polarization terms that dynamically ''dress'' the mass operator for ordinary nucleons. Needless to say, the situation would get even more complicated in the case of alpha particles.
The prospects are vastly improved, however, if one takes a phenomenological approach in which the energy dependence of the optical potential is used. Indeed, an extrapolation of the empirically determined couplings to negative energies, if feasible, would yield a binding potential where Pauli blocking, surface effects, and other relevant corrections are properly included to all perturbative orders.
It is not necessary to ''propose'' such measurements since experimental studies of asymptotically free states have been available for a long time. In fact, one can simply go back to the literature and search for existing optical-model fits to the elastic cross sections of ␣ particles on nuclei. We shall henceforth focus our attention only on the real part V of the interaction, as it is expected that this component will have a smoother transition from positive to negative energies. 1 We show in Table I a collection of optical model parameters for 1 Effective interactions get contributions related to nonlocality in space and time. It is well known that the energy dependence of the real part of the latter, ⌬V, has a counterpart in the imaginary part W. The connection between these two functional dependences for heavy ions has been successfully approached in terms of dispersion relations ͑see, for instance, Ref. ͓10͔͒. The characteristic shape of W(E) for EϷ0, however, is not suitable for extrapolation. the specific reaction ␣ϩ 208 Pb. It may be somewhat puzzling at first to see the diversity of depths, radii, and diffuseness values that such a compilation reveals. One must, however, recognize that the numbers represent completely independent efforts where no attempt was made to put in evidence an overall energy dependence of the interaction.
It is clear that our first task is then to reprocess the information contained in Table I , so as to establish a point of contact between the different measurements. There are several ways to incorporate the energy dependence of the interaction. We choose, for our present purpose, to define a common Woods-Saxon geometry
where Rϭr 0 ͑208
͒, and to exhibit the dynamical content of the effective interaction in terms of an energydependent strength V 0 ϭV 0 (E). For the radius and diffuseness parameters, we take r 0 ϭ0.98 fm, and aϭ0.80 fm. This choice is inspired by the convenient parametrization of the energy dependence of the interaction given in ͓11͔, namely,
which is valid for EϾ80 MeV. Comparing potentials at a strong-interaction radius ͑in fm͒ r s ϭ1.07͑208
where E b is the Coulomb barrier ͓12͔, we have extracted from the opticalmodel parameters listed in Table I the potential depths V 0 (E). These are plotted in Fig. 1 ; reassuringly, all points now fall in a rather ordered pattern. The straight lines correspond to the parametrization ͑2͒, allowing for the uncertainty in the coefficients. For the many data points at EϷ20 MeV, we have opted to show their span in V 0 , which fits quite well within the trend exhibited at other bombarding energies.
The choice of 208 Pb as a target nucleus was geared to the eventual investigation of the radioactive ␣ decay of 212 Po. The separation energy of an alpha particle from this nucleus is about 8 MeV. It follows from the systematics displayed in Fig. 1 that the ␣-
208
Pb potential in this energy range can be approximated by where V and r are expressed in MeV and fm, respectively. The shape of this potential is quite different from the one of McFadden and Satchler ͓13͔, in spite of the close saturation value. A fair knowledge of the effective interaction ͑3͒ is a necessary ingredient to estimate the relative motion of the alpha particle prior to its tunneling decay from 212 Po. Specifically, it either determines the wave function of the alpha particle near the nuclear surface in the R-matrix theory of Teichman and Wigner ͓14͔ ͑which we will apply here; cf. also Ref. ͓15͔͒ or both bulk velocity and barrier profile in Gamow's. For clarity of presentation, we briefly review below the R-matrix approach to decay processes.
A dominant feature of reaction processes in which two nuclei collide at low energies to form a compound nucleus that subsequently disintegrates is the presence of resonances. In a time-independent framework, and assuming that the resonances do not overlap and are not close to thresholds, the S matrix as a function of energy can be parametrized with a many-level Breit-Wigner formula
where ␦ c is the phase shift in channel c, the partial decay width ⌫ n,c is proportional to the probability that the resonance labeled by n decays into the channel c, and E n ϭRe n and ⌫ n ϭϪ2 Im n are the positions and widths of the resonances. For isolated resonances only one term dominates Eq. ͑4͒, and the unitarity of the S matrix requires that its residues ⌫ n,c 1/2 ⌫ n,c Ј 1/2 be real. In that case each ⌫ n,c can also be taken to be real, and ͚ c ⌫ n,c ϭ⌫ n . This situation does not occur frequently ͑e.g., among neutron-unstable states͒, and the physical meaning of the partial width can become questionable because they are truly complex quantities. However, for the ␣ decay of low-lying states of heavy nuclei, this problem does not arise because the values of ⌫ n /E n range between 10 Ϫ10 and 10
Ϫ30
. In the R-matrix theory one divides the configuration space of the ␣ϩdaughter-nucleus system into two regions: an ''internal region'' V to which the compound state is restricted and an ''external region'' that encompasses the rest of the space. The boundary between the regions should be chosen such that all nuclear interactions and effects induced by the Pauli principle are only non-negligible in the internal region. In the external region the motion of the fragments is governed by the Coulomb interaction and the daughter nucleus and the ␣ particle behave like a binary system moving outwards with asymptotic energy E n . The solution inside the volume V satisfies a self-adjoint boundary condition on the surface S of V. In the decay of spherical nuclei the surface S can be chosen to be a sphere of radius r c centered around the residual nucleus. The residues of the S matrix can then be computed in terms of quantities evaluated on the surface S, and one finds ͓15͔ that the lifetime for the decay is given by
where P is the penetrability through the barrier and ␥ is the reduced width amplitude. We conclude with a concrete calculation of the lifetime for ␣ decay of 212 Po that exploits the procedures advocated here ͑this quantity has also been recently studied in detail using a different approach to the strong interaction in Ref.
͓16͔͒. For our present purpose we have used the computer code GAMOW ͓17͔ to solve the Schrödinger equation for the ␣-Pb binding potential ͑3͒, imposing outgoing boundary conditions for the regular solutions. The eigenvalue corresponding to ten radial nodes turns out to be 8.96 MeV with negligible imaginary part, a value remarkably close to the kinetic energy of the emitted alpha particle. We note that one could also in principle estimate the lifetime using that value of the imaginary part of the complex energy. However, as pointed out above, the ratio between the imaginary and real parts of the energy is so small that it cannot be calculated numerically with sufficient accuracy.
With the potential ͑3͒ and for rу9 fm, only the tunneling through the Coulomb field is relevant. Since the resulting function P(r c ) is strongly dependent on r c , one may think that it is possible to obtain practically any value for the lifetime by adjusting the distance at which the penetration of the alpha cluster occurs. Actually, a consistency check on the theory is that (r c ) should be rather stationary for distances around the nuclear surface. The reduced width amplitude can be written as where ⌿ is the wave function of the ␣ particle. The expression for the lifetime quoted above does not take into account that only a fraction of the mother nucleus wave function corresponds to the motion of an ␣ cluster around the daughter nucleus. This factor must be included to compare with experimentally measured lifetimes. A recent detailed microscopic calculation ͓2͔ shows that the ␣ cluster spectroscopic factor is 0.025. We adopt this value, which is also in good agreement ͓18͔ with the ␣-formation amplitude extracted from a comparison between the Thomas theory ͓15͔ and experiment. We note that an older, large-scale shell model calculation ͓19͔ produced a value of ϳ10 Ϫ3 for that quantity. In Fig. 2 we present the ratio between the experimental and calculated lifetimes as a function of the parameter r c . We also show in the figure the penetrability P as a function of distance. One can see that the theoretical calculation agrees extremely well with the experiment in a region close to the nuclear surface ͑the quality of this prediction may be best appreciated by pointing out that discrepancies between theory and experiment regarding the absolute values of ␣-decay widths can easily span orders of magnitude͒. Notice that the lifetime results are indeed practically independent of r c over a large interval. While the penetration changes by nine orders of magnitude in the depicted range, the calculated ratio remains unity within, at worst, a factor of 2.
The success of this simple calculation reveals the potential of the ideas introduced in this contribution. It should be noted that the prescription applies equally well to the investigation of more exotic emission processes that have also been contemplated ͑cf., e.g., Ref. ͓20͔ and references quoted therein͒. These involve the decay of heavier nucleon clusters such as carbon, oxygen, etc., which, at the microscopic dynamical level, would be even harder to approach. The information presently available for the elastic scattering of some of these systems may not be sufficient to extract a reliable energy dependence of the corresponding optical potentials. With the use of modern detection equipment, however, these measurements are not time consuming, as a recent determination of diagonal and off-diagonal matrix elements of the effective interactions has shown ͓21͔. 
